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Approximation by Ridge Functions
and Neural Networks *

Pencho P. Petrushev

Abstract

We investigate the efficiency of approximation by linear combinations of
ridge functions in the metric of Ly(B?) with B? the unit ball in RY. If X,
is an n-dimensional linear space of univariate functions in Lo([), I = [-1,1],
and Q is a subset of the unit sphere S ' in R? of cardinality m, then the
space Y, := span{r(x-&) : r € X,,w € Q} is a linear space of ridge functions
of dimension < mn. We show that if X, provides order of approximation
O(n™") for univariate functions with r derivatives in Ly([), and  are properly
chosen sets of cardinality O(n?"1), then Y,, will provide approximation of order
O(n~"=4/2+1/2) for every function f € Ly(B?) with smoothness of order r +
d/2 —1/2 in Ly(B?). Thus, the theorems we obtain show that this form of
ridge approximation has the same efficiency of approximation as other more
traditional methods of multivariate approximation such as polynomials, splines,
or wavelets. The theorems we obtain can be applied to show that a feed-
forward neural network with one hidden layer of computational nodes given
by certain sigmoidal function o will also have this approximation efficiency.
Minimal requirements are made of the sigmoidal functions and in particular
our results hold for the unit-impulse function ¢ = X[o,00)"

Keywords and phrases: approximation error, ridge functions, neural net-
works.

AMS classification: 41A15, 41A25, 41A29

Abbreviated title: Approximation by Ridge Functions

1 Introduction

A ridge function is a multivariate function of the form r(x-w), where r is a univariate
function, w is a fixed vector in R?, the variable x € R? and x - w is the inner
product of x and w. These functions appear naturally in harmonic analysis, special
function theory, and in several applications such as tomography and neural networks.
In most applications, we are interested in representing or approximating a general

*This research was supported by ONR Research Contract N00014-96-1-1003.



function f on a domain §2 C R? by linear combinations of ridge functions. It is
surprising therefore that the most fundamental questions concerning the efficiency of
approximation by ridge functions are unanswered.

In this paper, we shall consider approximating functions in Ly(B%), B? the
unit ball in R, d > 2, by linear combinations of ridge functions. Using extension
theorems, the set B? can be replaced by more general sets 2 C R%.

Let X, be a linear space of univariate functions in La(1), I := [—1,1] and let
Q, C S ! be a finite subset of the unit sphere S9! in R¢. Then,

Y, i=span{r(x-w) :r € X,,, we Q,} (1.1)

is a space of multivariate ridge functions of dimension < n#(,, where #,, is the
cardinality of €,,. We shall relate the approximation efficiency of Y,, to that of X,
and the distribution of the vectors of €, in S%~1.

Let W#*(Ls([)) denote the univariate Sobolev spaces. We say that a sequence
of spaces X,,,n =1,2,..., dim(X,,) = n, provides approzimation of order s if

E(g, Xp)ony < e(s)n™?|lgllweramy), 9 € W(La(1)), (1.2)

where

E(g, Xn)roay) = 1nf [lg = rllzon

is the error in approximating the univariate function ¢ in the Ly(I) norm by the
elements of X,,. We denote similarly the multivariate Sobolev space W*(Ly(B?)) on
B? and the approximation error

E(f.Y),ma) = inf [|f = Bllr,@e

for any f € Ly(B?). Our main result, given in §8, shows that for any sequence of
spaces X,,,n = 1,2,..., which provide approximation of order s, and for appropriately
chosen sets €2, with #Q,, = O(n?"!), the sequence of spaces Y,,,n = 1,2,..., given in
(1.1), provide the following approximation: for A := s+ (d —1)/2,

E(f,Y) e < )M fllwsgomay, [ € W (L(BY)). (1.3)

Note that there is in a certain sense an unexpected gain in the multivariate approx-
imation order s + (d — 1)/2 over the univariate order s. This gain will be explained
later (see §9).

One can generate the space Y, appearing in (1.3) by using very general uni-
variate spaces X, such as splines or wavelets. In particular, our results apply to
feed-forward neural networks using a very general activation function o. A complete
discussion of the application to neural networks is given in §9. In this introduction, we
wish to illustrate the typical result by considering the following simple example. Let
T = X[g 00) and define X, as the univariate space spanned by o(z — k/n), 0 < k < n.



Then, defining Y,, for this X, as described above, we obtain a space of dimension
O(n?) of certain piecewise constant functions. The space Y, can be realized compu-
tationally by a feed-forward neural network with O(n?~!) computational nodes. In
this case (see §9 for details), (1.3) provides the approximation order 1 + %= =1 One
might expect the estimate (1.3) to be 1 since we are using piecewise Constants in the
approximation. As noted in (1.3), the gain of d;—l in the approximation rate persists
in general (see also Theorem 8.2).

There is a standard method in approximation theory (see [DL, Chapter 7))
which derives from (1.3) the estimate

E(f,Y,),Bey <c (wr(fv YBay + HfHLQ(Bd)n_T) , [ € Ly(BY (1.4)

with w, the r-th order modulus of smoothness of f. In the case that Y,, contains all
polynomials of total degree < r (in d variables), the last term on the right can be
eliminated.

Since Y, is a linear space of dimension O(n?) then it follows from the general
theory of n-widths that for all m > 0,

sup E(f,Y,) > con™™ (1.5)
||f||Wm(L2(Bd))S1

with ¢g > 0 a constant depending only on m and d. In this sense, the estimates (1.3)
cannot be improved.

We also note that (1.3) shows that, in general, linear spaces of ridge functions
are at least as efficient as other methods of multivariate approximation such as poly-
nomials, wavelets, and splines.

This paper is an extension of the results from [DOP], where we considered the
case d = 2. Throughout the paper we assume that d > 2, although most of the
statements hold when d = 2.

The results of this paper differ from other work in this field in the following
respects. We are able to begin with a very general class of univariate spaces X,,.
Other authors (most notably Micchelli and Mhaskar [MM], [MM1] and Mhaskar [M])
have also considered approximation problems of the type treated here. The work of
Micchelli and Mhaskar does not give the best order of approximation. Mhaskar [M]
has given best possible results but only in the case that X, is generated using a rather
restrictive class of sigmoidal functions.

Our results are, for the present, limited to approximation in Lo, and it remains
an important open question in ridge approximation to understand to what extent
results such as those presented in this paper are valid in L,, p # 2.

It is also an interesting question to understand which sets €, C S? ', when
used in defining the spaces Y,,, will provide the approximation order of (1.3). In the
case d = 2, as was shown in [DOP], n equally spaced points on S' are the most
natural choice. There is no direct analogy of equally spaced points in 897!, d > 2. It
will become clear from §4 that any set €2, which permits a cubature formula that is



exact for spherical polynomials of degree < n and with good localization properties
will provide spaces Y, which satisfy (1.3). Since we could not find in the literature
examples of such sets €),, we construct some in §4. There should be more elegant
and more natural constructions than ours. In some sense, one might expect that a
natural quadrature formula might provide the analogue of equally spaced points in
St d > 2.

We prove (1.3) by first understanding well the structure of ridge polynomials.
Our main vehicle (given in §3) is a fundamental orthogonal decomposition of a general
function f € Lo(B?) into ridge polynomials. This decomposition uses the univariate
Gegenbauer polynomials.

An outline of this paper is the following. The properties we need about Gegen-
bauer polynomials are given in §2. In §3, we give the fundamental orthogonal de-
composition of functions in Ly(B?) in terms of ridge polynomials. In §4, we give our
construction of cubature (quadrature) formulas. In §§5-6, we introduce smoothness
spaces (the Sobolev spaces) and recall their characterization by polynomial approxi-
mation. In §7, we prove the main theorem about approximation by ridge functions.
In §8, we discuss how to improve the theorem of §7 to be more amenable to applica-
tions. In §9, we give some applications of our results, in particular to feed forward
neural networks.

Throughout the paper, the constants are denoted by ¢,¢p,... and they may
vary at every occurrence. The constants usually depend on some parameters (like the
dimension d) that will be sometimes indicated explicitly.

2 The Gegenbauer (ultraspherical) polynomials

Special functions appear naturally when we represent a general function in terms of
ridge polynomials as will be done in the next section. In particular, the Gegenbauer
polynomials will play an important role in this paper. In this section, we shall present
the essential properties of Gegenbauer polynomials and bring out their role in the
Radon transform. We refer the reader to [E] and [Sz] as general references for this
section.

The Gegenbauer polynomials are usually defined by the following generating
function

(1 -2tz + 22)_A = Z Cfn(t)zm,
m=0

where |z| < 1, [t| <1, and A > 0. The coefficients C') (¢) are algebraic polynomials
of degree m which are called the Gegenbauer polynomials associated with A. The
family of polynomials {C}}%°_; is a complete orthogonal system for the weighted
space Lo(I,w), I :=[=1,1], w(t) :=w\(t) := (1 — tz)A_% and we have



fetctomran {8 20 i
where we use here and later the standard notation
(a)o:=0, (a),i=ala+1)...(a+n—1)=T(a+n)/I'(a).
Also, we have
CM—1) = (=1)"C)1), C}X1)= m,)”, and  Cp(l) = 1. (2.2)
n!

The Gegenbauer polynomials can also be defined by the following identity (called
Rodrigues’ formula):

_ 1 d " _1 (2)‘)71
A _ o/ 1\n VAT C N _ 2yntA—3 J—
Cn(t) - ( 1) O‘n,/\(l t ) (dt) (1 t ) y  Qp)t n[Zn()\ + %)n (23)

There is an identity that relates Gegenbauer polynomials with different weights:

(%) CR(t) =2" (N Cat (1), m=1,2,...,n. (2.4)

Special cases of the Gegenbauer polynomials are the Legendre polynomials P,
and the Chebyshev polynomials of second kind U, which correspond to A = 1/2 and
A =1, respectively. Namely,

i = Gh(5) e -aro

2np!
sin(n + 1) arccos ¢
V1 —¢?

The Chebyshev polynomials of the first kind 7},(¢) := cosn arccost can be considered

= CL1).

as the Gegenbauer polynomials C° associated with the weight w(t) = (1 — #2)71/2,
We shall also need the Gegenbauer polynomials C when A\ < 0 and, in par-

ticular, when A = —1, -2, ... Note that o, » =0 when A = —1,-2, ... and n > 2v.

Therefore, we cannot use (2.3) to define C;¥ when v = 1,2,... However, we can

define (see [Sz, Chapter 1V ])

d

CNt) = a1 — t2)73 (E

) (1— "3, A <0, (2.5)
where « is any constant independent of ¢. To our goals the normalization of C?

(A < 0) is not essential. Identity (2.4) remains valid except for a constant factor (see
[Sz, Chapter IV ]): for any A, we have

(%) CMt) = cCM™(t), m=1,2,...,n, (2.6)



where ¢ is independent of 7.

The Gegenbauer polynomials play a fundamental role in inverting the Radon
transform. We shall show in Lemma 2.1 that follows that the Gegenbauer polynomials
C) for A = k and A\ = k+1/2 (k an integer) are eigenfunctions for certain differential
operators that occur in the Radon transform inversion formula. These operators will
play an important role in defining an equivalent norm for the weighted Sobolev spaces
We(La(1,w)) (see §8).

We begin with a brief discussion of the Hilbert transform H on R and its
analogue H for the interval [ := [—1,1]. For any g € L1([) we define

g(t), tel,

0, € (—o0,00)\], (2.7)

Hg:= Hg° with g°(t) = {

where Hg® is the Hilbert transform of ¢°. It follows that

1 9°(s) 1 9(s)
Hy(t) = —p.v. d:—../ ds.
g() ﬂ_pv R!T— s S ﬂ_pv It—s S

The analogue of the Hilbert transform on the circle T is the conjugate operator
(see [Z, Chapter II]). If ¢ € L1(T), we denote its conjugate function by

1 T—10

g(7):= —p.V./rg(G) cot

27

do.

For any (nonnegative) weight function w, let L9(I,w) be the space of all ¢ €
Lo(I, w) with weighted mean value zero: [; g(t) w(t)dt = 0. The following proposition
gives some properties of H which we shall use.

Proposition 2.1 Ifg € Li(I), we define Tg(0) := sgn Og(cos ) sin 0 for § € [—7, 7).
The Hilbert transform H satisfies:
(a) If g € Li(1) then

Hg(cosT) = — ! Tg(t) a.e. on (0,7). (2.8)

sin T

(b) We have, on (—1,1), Hw;' = 0,

Hw'T, ;1] = ~U, and H[w U, =T, forn=01,..., (2.9)
and hence
d
HE [wi1U,] = (n+ 1)U,. (2.10)

(¢) The functions V,, = wi'T,, n = 0,1,... (in analogy to {U,}>%,) form a
complete orthogonal system for Ls(1,wy).



d) H is a one-to-one mapping of LI(I,wy) onto Ly(I,wy) with
2
1
H'h = ——H(wih) for h € Ly(I,wn)
wq
and
IHgl| L, (1w0) = 1191 Laz00)  Jor g € Ly(L,wn). (2.11)

(e) The operators H and L commute: for any polynomial P, we have

dt
d d

H (o)) = 5 ().

Proof. (a) We apply the substitution s = cos @ to the integral that defines Hg and
replace ¢ by cos 7, 0 < 7 < 7 and obtain

Hg(cosT) = lp.v./o7T Tg(9)

T cos T — cos

1 T Tg(0
- _p,v,/ I CO R

2
2T —x cosT — cos

do

since the integrand is even. Note that p.v.[;...ds = p.v.[; ...df above since the
substituting function and its inverse are smooth enough. Now, we use the identity

1 1 T—40 T+ 0
= —— cot + cot
cos T — cos 2sin T 2 2
to obtain
1 1 7T T—40 1 7T T4+0
Hg(cosT) = ~ e [gp.v. g Tg(9) cot 5 df + 5PV /_7T Tg(9) cot d@] .

After substituting # = —6" in the second integral above and using that T'¢ is even,
we see that the two integrals are equal and therefore, we obtain (a).

(b) For any function g € Li(I,w;?"), we have T[w;'¢](0) = g(cos0). Since the
conjugate function of cosnf is sinnf, n = 0,1,..., the first two statements in (b)
follow from (a). Similar calculations give the last two statements.

(c) This is trivial.

(d) This follows from (b) by using the two bases for Ly([,wq) given in (c).

(e) This follows from (2.10). O

We shall next show that the Gegenbauer polynomials are eigenfunctions of cer-
tain differential operators that arise in inverting the Radon transform. For functions
g defined on B?, we introduce the following differential operators:

Ag = (%)d_l [wiag] (2.12)

and

D:=A, dodd, D:=HA, deven. (2.13)



Lemma 2.1 Let d > 2 and define U, := C¥? forn =0,1,.... Then, we have

d—1

DU, = (- plhy, n=0,1,.., (2.14)
and
NU = (1) il n=0,1,., (2.15)
where
o = (n+ 1)y <0 n=01,.... (2.16)

Proof. We first consider (2.14) in the case when d is odd, d = 2k + 1. From (2.3)
and (2.4), we find

d 2k d n+2k
DU, = DCH?2 = (E) [wfkcsﬂ/z] =c (E) wintk

k
d
= (E) Ci-/l—zk = CQCS-H/Q = Czun.

By examining the coefficients of " we obtain that ¢, = (—1)*u,, Thus (2.14) is proved
in this case.
Assume now that d is even, d =: 2k. Then, again using (2.3), (2.4), and (2.10)

(recall that C'! = U,,) and the commutativity of % and H, we obtain

d 2k—1 d 2k—1 d n
. E_ % 2k—1,~k] _ “ “ 2n+2k—1
DU, = DCF = (dt) H [} 'CF| = ¢ (dt) H (dt) w?

d k—1 d n+k , d k—1 d
_ s s n+2k—-1 __ s s 1
- (dt) t (dt) o - (dt) 1 o1

.
- (E) Ci+k—1 = CSC: = 0303/2 = c3l,.

We can calculate c; as follows. Let C*(t) =: ¢,t" + ... and U,(t) =: a,#" + ...
with r :=n 4+ 2k — 2. We find

(7)o =e () o (e

e (%) S lo)0ina(0) 4

- (—l)k‘lz—j(nJer— 1) (%) _ [Unara(l) + .. ]

k—1 d w2 n+2k—2
= (D en 2k 1) | = (t +..)
_|_

= (=1 7Nt Dapren (1 40 = (=17 (0 4 Daima O (1),

8



where we used identities (2.3), (2.4), and (2.10). Thus (2.14) is proved in this case as

well.
Finally, we consider (2.15). From (2.3) and (2.5), respectively, we have

dt

d n+d—1

= o1 — )R o A

n+d—1
AU, = AC;f/? — ¢ (i) [(1 _ t?)n+d/2—1/2]

Hence, applying A once again and using (2.6) gives

A\
AU, = N2CY? = ¢ (E) Ot = 6,04 = oo,

By calculating the coefficients of ¢, we find ¢; = (—1)?"1x? and we arrive at (2.15).

a

3 An orthogonal decomposition of Ly(B?) in terms
of ridge polynomials

Since we are interested in approximating functions f € Lo(B?) by elements from
spaces of ridge functions, it is natural to find a decomposition of f in terms of funda-
mental building blocks of ridge functions. We shall show in this section that we can
take as the building blocks certain ridge polynomials. We begin by describing this

decomposition.
If f,g € La(B?), we define the inner product

(f.9) = /Bd f(x)g(x) dx. (3.1)

This inner product induces the norm

[ fllz, By = (/Bd |f(X)|2dX)

We also define, for f,g € L,(S%!), the inner product

()= [, F(€)9(E) de (3.2)

and the norm

s = ([, 1r@rae)

9



where d¢ stands for the area (volume) element on S?~* the unit sphere in R¥.

The Gegenbauer polynomials C'4/? are the building blocks for our decomposition.
Let

—-1/2

U, = (hmdﬂ) ci? on=0,1,..., (3.3)

where A, q/2 is from (2.1). Then [|U||1,(r0) = 1 and hence {U,}52, is a complete
orthonormal system for the weighted space La(1,w), w(t) := wq/a(t) = (1 —tz) . Of
course, U,, depends on the space dimension d but we are suppressing this dependence
in our notation. The reader should think of the space dimension d as arbitrary but
fixed throughout.

Let P,, denote the set of all algebraic polynomials of total degree n in d real vari-
ables. That is, each P € P, is a linear combination of monomials x™ := " ...z}
with x = (21,...,24), m is a d-tuple (my,...,my) of nonnegative integers, and
lm|:=my+...4+my < n.

The polynomials U, (¢ - x), £ € S, are in P, and U, (£ - x) are orthogonal to
P,_1 in Ly(B?) (proved in the appendix):

/Bd U (€-x)P(x)dx =0 for £ € S%" and P € P,_,. (3.4)

This is why the ridge polynomials U, (£ - x) occur in our decomposition of Ly(B?).

Theorem 3.1 Fach function f € Ly(B?) can be represented uniquely as

P23 Qu), (3.5)

where
QulFx) = v [ A EU(E ) dg (3.6)
with
AF€) = [ Sy dy. (3.7)
and
_ (n41l)ay (n+Dn+2)--(n4+d—1)
YT eyt T 2(27) 1 ' (3:8)

Moreover, the operators Q,, n = 0,1,..., are the orthogonal projectors from Ly(B?)
onto P, & P,_1 and the following Parseval identity holds

o0

1£12, B = ZHQ D, @ay = 22 vall AullL s (3.9)

n=0

We make next a few remarks which will help explain the nature of this decom-
position.

10



(i) For each n = 0,1,..., the function @, (f) is an algebraic polynomial (in d
variables) of degree n. Indeed, each of the U, (¢ - x) is a ridge polynomial of degree n
and @,(f) is a linear combination of these.

(ii) For each n = 0, 1,.. ., the function A, (f,¢), £ € S*7!, is a spherical polyno-
mial of degree n. This follows from the fact that each of the U, (¢ - x), z € B?, is of
this type.

(iii) The constants v,, n = 0,1,..., are eigenvalues which occur in the Radon
inversion formula (see (3.26)).

(iv) Among other reasons, the polynomials i, occur in this formula because for
each ¢ € S*! the weight wy/»(t) = (1 — 12)(4=1/2 i5 a constant multiple of the d — 1
dimensional volume of the intersection of B? with the hyperplane x - £ = ¢.

(v) The orthogonality of the functions Q,,(f) occurs because for each £ € S%1,
the polynomial U, (x - £) is orthogonal to all algebraic polynomials of degree < n on
B? (see (3.4)).

(vi) One can imagine that the integral representation of Q,(f) can be rewritten
as a discrete sum by using some sort of quadrature formula on S?~! and thereby obtain
a discrete decomposition of f in terms of ridge polynomials. In the case d = 2, one can
simply take the canonical quadrature formula for integrating spherical polynomials
(i.e. trigonometric polynomials) which uses equally spaced points on the unit circle.
This then gives the orthonormal system {U,(w-x)}, w € Q,, n = 0,1,..., where
Q, := {(cos kr/n,sin kx/n)}}_,. This was used in [DOP] as the vehicle for proving
approximation results for ridge functions in two variables. In the case d > 3, we know
no analogous quadrature formula. This necessitates a substantial effort (executed in
the following section) to derive (less elegant) quadrature formulas which can be used
to discretize the integral representation of @, (f).

(vii) The decomposition of Theorem 3.1 is in essence known (see, e.g., [RK]).
However, we could find no reference which gives it in the above form.

There are several ways in which the decomposition of Theorem 3.1 can be de-
rived. One approach is to derive it from the theory of spherical harmonics. A second
approach is Radon transforms and in particular (3.5) is a rewriting of the Radon
inversion formula (see [RK]). We shall briefly explain this at the end of this section.

We shall give a simple and direct proof of this decomposition using fundamental
identities for the ridge polynomials U, (¢ - x), ¢ € S%~L. To keep our exposition more
fluid, we shall state these identities without proof and relegate the proofs to the
appendix.

We start with the following two fundamental identities (proved in the appendix):
for each £, € S%71, we have

_ Ua(E-m)
/Bdun(g (- x) dx = L (3.10)

11



and, for each n € S, we have

U (1)

Vn

o € X0 (€ ) dg = 22220, () (3.11)
Proof of Theorem 3.1. Let f € Ly(B?), d > 2. From Remark (i) and (3.4),
it follows that Q,(f) is in P, & P,—1. From identities (3.10) and (3.11), we have
Q.(g) = g whenever g(x) = U,(n-x), n € S* L. Therefore Q? = Q,, and hence Q,, is
a projector onto a subspace Y, of P, & P,_1. Thus, to prove (3.5), it remains only
to show that

dim (Y,,) = dim (P, & Pueyq) = dim (P), (3.12)

where P” denotes the space of all homogeneous polynomials of degree n.

To prove (3.12), we recall a few well-known facts about spherical harmonics
which can be found in Stein and Weiss [SW], Chapter 4, see also [Se]. Let H,, denote
the space of spherical harmonics of degree n, i.e. H,, is the set of those functions on
S9=1 which are the restriction to S?~! of a function from P" which is harmonic in
B“. The spherical harmonics of degree n are orthogonal to those of dimension m # n
with respect to the inner product (3.2). We have

dim (H,)) = N(d, n) ::(”Jr;l_l)—(”:f;g) (3.13)
and
dim (P") = dim (H, @ Ho_o © -+ B H,), (3.14)

where € = 0 if n is even and ¢ = 1 if n is odd.
Write
K(t) = N(d,n) C(d—z)/z(t)
’ |Sd—1|07gd—2)/2(1) n ’
where [S*7Y 1= [qas = is the surface area o -1 e function K, (€ -
here [$971] := fgu 1d€ = 2775 is the suf f S1. The function K,(¢ -7

is the reproducing kernel for H,,, i.e.

Lo, SR e =S, 5 € He, (3.15)

Moreover, a simple identity for Gegenbauer polynomials (see the appendix (A3)) gives
that

Crifz v, U,
K,+ K, _ K == . 1
Hence, the right side of (3.16) is the reproducing kernel for H,, & H,,—2 & - - - B H,, i.e.
v
S " U, (€ -n)dE = S SeH, nea @ . 3.17
Jor SO G U ME = SO0). S €M B MG M (31T)
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Note that A,(f,£) is a spherical polynomial of degree n since U,({ - y) is a
spherical polynomial of degree n in £&. We have U,(—t) = (—=1)"U,(t) (see (2.2)) and
hence A,(f,—&) = (—=1)"A.(f,§). Therefore, A,(f) € H,, & Hy—2 & -+ & H.. Thus,
(), can be considered as a linear operator mapping H,, & H,—o & --- b H, into Y,,.
On the other hand, after multiplying both sides of (3.6) by U,(n - x) and integrating
over B? we obtain

iy Qu( [, x)Up(n - x)dx = /Sd—l A (f,6) (yn /Bd U (1 - XU, (€ - X) dx) dé
= /S An<fvf>bﬁun(n L€y de = A([,€),

where we used (3.10) and (3.17). Hence, A,, is an operator mapping Y,, onto H,, &
H,—2@- B H, and it is the inverse operator of (),,. Therefore, dim (V) = dim (H,, &
H,—o @ - & H.) which together with (3.14) implies (3.12).

Since Q,(f) is in P, & P,_1, it is orthogonal to Q;(f), j # n, and therefore we
have the first equality in (3.9). For the proof of the second equality in (3.9), we use
(3.10) to write

[urxrax = w2 [ [ [ AL OA (€ XU ) dxdg di

_ 2 un(f '77)
= 02 [ fy AU OA ) T

Since A, (f) € H, & Hp-2 @ - - B He,, then we can use (3.17) to complete the integral
with respect to n above. We get

[ QX dx = [ A0 e

This completes the proof of (3.9) and the theorem. O
In the same way that we have proved (3.9) of Theorem 3.1 we obtain the fol-
lowing formulas for calculating inner products:

(Fo0) = S v [, Aulh 6 Aul, ) de (3.18)

We next consider the decomposition (3.5) for ridge functions. Let r be a uni-
variate function in Ly(/,w), w := wg/2. Then

r(t) = if(n)un(t), #(n) = /I r () Uy (t)w(t) dt. (3.19)

It follows that for any p € S9!, the ridge function R(x) := r(p - x) has the represen-
tation

Rix) = 3 #(n)lha(p - ). (3.20)

n=0

13



Using (3.10) and (3.4), we see that

An(va) = Un(l)

(3.21)

Moreover, it By and Ry are two such ridge functions corresponding to ry, p; and ry,
p2, respectively, then from (3.4), (3.11) and (3.18), we have

S U (p1 - p2)
(Ry, Ry) = Z_: T(l)' (3.22)

There is another approach to deducing the decomposition of Theorem 3.1 which
we want to mention since it brings out the connections between this paper and Radon
transforms. For each f € L;(B?) the Radon transform is defined by

RUSED) = [ S0y dy, (3.23)

where ¢ € St t € [~1,1], and (= {y € R?: y - £ = 0}. So, the integration is
over the intersection of the hyperplane y - ¢ =t and B

We can recover f from its Radon transform by using the Radon transform
inversion formula. The Radon transform inversion formula uses the operator (see e.g

[L])

a1 d-1
—1) 2
] , GO (4) gl for dodd
Kg(t) := Kig(t) := d (3.21)
_1)2 1! d—1
é(;ﬁﬁﬂ (i) g(t) for d even,

dt

where H is the Hilbert transform (see (2.7)). The following relation is the Radon
inversion formula for functions defined on B?: for every sufficiently smooth function
f supported on B¢

J) = [ hEx-€)dg with h(E,1) = KiR(f3.0). (3.25)
Lemma 2.1 gives that the functions U, are eigenfunction for the operator K (we):
K(wlh,) = vldy,. (3.26)

We now show the idea of using the Radon inversion formula to derive a rep-
resentation of f in terms of the ridge polynomials {U,(x - £)}. Since {U,}52, is a
complete orthonormal system for Ly([,w), we can expand R(f;£,e)/w in terms of

the {U,}°2, to obtain
(f L) Z A (3.27)
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with
A& = [ RUEDU = [ T3 Un(y-€) dy. (3.28)

After multiplying both sides of (3.27) by the weight w and applying the operator
K := K; we get

KR(f;& 0) = Z ALK [wl,] = Z v An(&) Uy,
n=0 n=0
where we used (3.26). Finally, we insert the above in (3.25) and find

Jx) = [ KR(fi€x-€)de = i_oj v [ A€ €)

which is the decomposition from Theorem 3.1. We leave the details of verifying this
approach to the reader.

4 Discrete representation of functions and norms

In this section we shall deduce from Theorem 3.1 a discrete representation of functions
by ridge polynomials. To this end we shall use a cubature formula for integration on
S4=1 d > 2. We need a cubature formula that is exact for all spherical polynomials
of degree n. In the case d = 2 we used in [DOP] a quadrature formula with equally
spaced nodes on the unit circle. Unfortunately, we do not know any "equally spaced
points” on S%!, d > 2. Also, we do not know effectively any cubature formula with
near equally spaced nodes on S?'. For this reason we shall use a cubature formula,
determined by using spherical coordinates on S9~!. The results of this section are
somewhat technical and the reader may just wish to read them roughly at first and
proceed to §5.

The spherical coordinates (0, ) := (01,0z,...,04_3,¢) on S?~! are defined as
usual by

&1 =cosby, & =sinficosby, ..., {40 =sinbisinby...sinfy_3cos by s,
g1 =sinfysinby...sinfy_3sinfy_5cos ¢, {5 =sinbfysinb,...sinfy_3sinfy_5sin ¢,

0<0, <my3=12...,d—=2; 0<¢ < 2r. We shall denote these identities in
vector form briefly by £ := £(6, ¢). In these coordinates, the surface element d¢ of
S4=! becomes

dé = (sin 0,)2(sin 02)2 ... sinOg_o dO, dby . .. dOg_odp =: J(0)dOdd.  (4.1)

We have the following identity for integration in spherical coordinates

/Sd_1 F(€)de = /;.../; /0% FIEO, )T (0) dbs ... dBy_y d, (4.2)
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where .J(8) is the Jacobian given by (4.1). We shall use this to define our cubature.

We wish to construct a cubature that is exact for all spherical polynomials of
degree 2n. FEvery spherical polynomial of degree 2n can obviously be represented in
spherical coordinates as a linear combination of terms

d—2

(cos ¢)Fa=1(sin ¢)"¢-1 II(cos 0;)" (sin 0;)" (4.3)

i=1

where k;,¢; > 0, and max{k;+(; : y =1,2,...,d—1} <2(d—1)n. Also, the Jacobian
J is represented in the same terms (see (4.1)). So, we need quadrature formulae for
integration over [0, 27] and [0, 7] that are exact for trigonometric polynomial of degree
od —1)n+d —2.

We shall use the following quadrature formula for integration on [0,27] with
respect to ¢

2k 2
Qoslg) =2 0j90,) ~ [ gl6)do. (4.4
7=0
where v; 1= 755 + 21731 and g; = 21311‘ The quadrature (4.4) is exact for all
trigonometric polynomials of degree k (see [Z], Chapter X).

Since 0 < §; < 7, we need a quadrature for integration over [0, 7] that is exact
for all trigonometric polynomials of degree k. In addition to this, the quadrature

should have good localization properties. We also need to control (asymptotically)
the nodes and the coefficients of the quadrature. Since we do not know any quadrature
like this, we shall construct one in the following lemma.

Lemma 4.1 For any k =1,2,... there exists a quadrature

Qusl) =S o)~ [ gty (45

with the following properties:
(a) Qoxlg) is exact for all trigonometric polynomials of degree k;
(b)) 0< By < By <...< By <,

Bi— B <7k™h, 5 =0,1,...,2k + 1; (4.6)

(c)
0< X <c(Biy—B). =012k, (4.7)
where B_y 1= 0, By, = 7 and c is an absolute constant.

The exact values of the nodes 3; and the coefficients \; of the quadrature (4.5)
are given in Remark 4.1 below.
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Proof. For symmetry reasons we shall prove the lemma with the interval of integra-
tion [0, 7] replaced by [—x/2,7/2]. We shall build a quadrature

k /2
= > ngl0) ~ [ gtoyan (4.8)
— —7/2
with symmetric nodes 6; and coefficients A; (0_; = 6;, 6y := 0, and A_; = ;). Then
Qx(g) will be automatically exact for odd polynomials. Therefore, it is enough to
construct Qr(g) exact only for all even trigonometric polynomials of degree k. To
this end it is sufficient to have

/2 /2
Qr(P(cos b)) Z A;jP(cost;) = / ) P(cos0)df = 2/ P(cos0)df  (4.9)
—/2 0

==k

for each algebraic polgnomial P of degree k. We shall apply the substitution 6 :=

f(«) := arccos (C082 $) to the last integral in (4.9). Simple calculations show that

d cos £

Ala) = —b(a) = ———2— 4.10
and hence #(«) is increasing on [0, 7] and maps [0, 7] on [0, 7/2]. We obtain
/2 ™ , Q 1 7 , Q
/ P(cos ) df = / P (COS 5) Ala)da = 5 P (COS 5) Ala)da, (4.11)
0 0 -

where we used that the integrand is even. We now extend A(«a) 2x-periodically by

:|cosg|/,/1—|—cos2g

We shall use the Dirichlet kernel Dy (u) := S2EH2u ¢4 interpolate the trigono-

2sinu/2

metric polynomial of degree m: P (C082 %) =P (M%) at the points «; := 22];31, J =
0,+1,...,+k. We have (see [Z, Chapter X]
9 k
P (cos? 9) - P ( —) D .
(COS o) T 2%+ 1 ];k cos” 5 ) Dula—aj)

This and (4.11) imply

= 277]

==k

/qu/z P(cosa)da = iy Zk: (COS 5 ) /—7; A(a)Dy(a — «;) da
( ) (4.12)
= nol (COS 7) + ;277] (cos2 %) 7
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where

1 g
=S ) Aa)Di(a — «j) da (4.13)

and we used that n_; = n; since A is even and a_; = —a;.
We now define the nodes and the coefficients of our quadrature. Set

f; := arccos <C082 %) for y=0,1,....kand 0; := —0_; for y = -1, -2,..., —k.
Also, set
Aji=2n; for j=0,1,...,k and X;:=A_; for j=-1,-2,...,—k.

We obtain by (4.9), (4.12) and the symmetry that quadrature (4.8) with the
above defined nodes and coefficients is exact for all trigonometric polynomials of
degree m. It remains to prove that the nodes and the coefficients of the quadrature
satisfy the required properties.

We have 6, — 0,1 = 0'((j)(a; — aj_1) = A(()(oj — aj—q) for some (; €
(aj_1, ;) and hence, by (4.10),

1 Q; 2 o 2 s )
O A L << _f) T =12k (414
\/§<C°S2)2k+1—f i seos g )y S I hBek (W1

Therefore, the proof will be completed if we show that
0<77j§ck_lcos%, J=12,... k. (4.15)
By (4.13) it follows that
n; = 7(2k +1)7'Sk(A)(e;),  where  Sp(A)(a) = 1 [T A(B)Dy(B — a)df

. T

is the kth partial Fourier sum of A. In order to simplify our further calculations we
shift A by 7 and obtain
sing‘/ 1 + sin? i
2 2

The function ¢ is even and, therefore, its Fourier coefficients associated with sin va
are all equal to zero. Let

1 2 1 2
/ e(a)da and a, := —/ ola)cosvada, v=1,2,...
0 7 Jo

ola) == Ao+ 7) =

ap = —
27

be the Fourier coefficients of ¢ associated with cosva. Obviously, ay > 0. Let
v =1,2,... Then using integration by parts (twice) we get

1 2w

a = —— ¢'(a) sinva da
v Jo
1 ’ _ o 1 2T "
i [99(277 ) = ¢'(0 )] —m/o ¢"(ar) cos varda
1 2T

= — ©"(a)(1 — cosva) da.
vt Jo
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Therefore
2

T

9 V&

2m
/ ©"(a) sin® — da. (4.16)
0 2

a4, =

Simple calculations show that
1 « Coa)\3/2
o'(a) = 505 5 (1 + sin 5) and ¢"(a) <0 for 0<a < 27.

This and (4.16) imply that a, < 0 and

0 € 2 [Tl @ldo =~ 25 [T taydo = 2 o) - 0%)] =
=)y 17 b ¥ T2 17 7 e
Thus, we have
2
_WSQU<O7 1/21,2,.... (417)

Therefore p(a) = ag + X020, a, cos va, where ag > 0 and a, < 0, v = 1,2,..., and
hence

k k

Sp(p)(@) = ao+ > a,cosva > ag+ Y a, = Si()(0)
v=1 v=1
= Su(@)(0) —¢0) =~ > a >0
v=k+1

Thus Sk(p)(a) > 0 for a € [—x,7) and hence Si(A)(«) > 0 for o € [—7,7) which
implies the lower bound in (4.15).
The inequalities (4.17) imply

1A = Sk(A)lle =l = Sk(e)lle < k™
Using this, we obtain
il < ekTHSk(A) ()] < kT ([Aeg)] + [|A = Sk(A)]le)
@y

O (COS ik + k_l) < k7t (COS ik + cos %) < ck™ cos L,
2 2 2 2

where we used that cos(ag/2) = cos (7k/(2k + 1)) > ck™'. Thus the upper estimate
in (4.15) is proved. Lemma 4.1 is proved. O

Remark 4.1 The exact values of the nodes 3; and the coefficients \; of the quadra-
ture (4.5) from Lemma 4.1 are the following:

b i
5]’ = g — arccos (COS2 ( ])ﬂ-

e 1 =0,1,...,k
Qk_l_l)v J (] 9 Yy

and B; =7 — Po—j, J=k+ 1 k+2,...,2k;
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2 T o a\~1/2 27(k — )
A= NS 2—) Dila-E "D ga, j=0.1,... .k
T _WC082< oy ’“(O‘ k1) 10

and A\j = gy, 7 =k+1,k+2,...,2k, where Dy, is the Dirichlet kernel of degree
k.

We are now in a position to construct our cubature formula for integration over

S4=1 (d > 2). We shall use (4.2), (4.3) and the quadratures from (4.4) and (4.5).

Definition of cubature Q,,. Given n = 1,2,... we select k := 2(d — 1)n + d — 2.
Let J,, be the set of all indices j := (j1,...,74-1) such that 0 < j, < 2k, i.e. J, :=
{0,1,...,2k}47L. Note that the cardinality of J, is #J, = (2k + 1)471 < n=1. Set
ﬁ] = (6]&7 s 76]&—2)7 V= Vg Wy = 5(63773)7 and )‘J = J(ﬂj)@jd—1 Hi;% )\jv7 where
Yis 0i, Bj, and A; are the nodes and the coefficients of quadratures (4.4) and (4.5),
respectively, and .J is from (4.1). We define

Q)= 3 Ny~ [ F(@)de (4.18)

Jjean
When it is possible we shall write this cubature with the following simpler indices.

Let €2, be the set of all nodes w = wj, and A, := )‘Wj = 1j, J € Jn. Then cubature

(4.18) can be rewritten in the form

Q)= X Aflw) ~ [ e (4.19)
wEy
Observe that #0Q, < n? %

As we mentioned in the beginning of this section, every spherical polynomial of
degree 2n can be represented in spherical coordinates as a linear combination of terms
like those in (4.3) and the Jacobian .J is represented in a similar way (see (4.1)). On
the other hand, quadratures (4.4) and (4.5) are exact for trigonometric polynomials
of degree k :=2(d — 1)n + d — 2. Therefore (see (4.2)), cubature (4.18) (or (4.19)) is
exact for all spherical polynomials of degree 2n, i.e. for every spherical polynomial S
of degree < 2n we have

Qu(S)i= 3 ASw) = [ Sede. (4.20)

d—1
WEQN R S

Note that A, > 0 and, since (4.20) holds for S = 1, then

S = /Sd_1 1 d¢ = |si1]. (4.21)

WEQN R
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Identity (4.20) implies discrete representations of the projection @, (f) of any
f € Ly(B?) onto P,, © P,,_y and HAm(f)HL2(Sd—1) (see (3.6) and (3.7) from Theo-
rem 3.1). Namely, since A,,(f,E)Un(x - &) and A2 (f,§), for m < n, are spherical
polynomials of degree < 2m < 2n, then

QulFxX) 1= v [ Al Fo & (x - €)dE = v 3 AAn(foln(x-w)  (4:22)

WEQN R

and

[Aal iy = [ An(£OPdE = 5 AlAn(fw)P (4.23)

WEQN R
Since quadratures (4.4) and (4.5) have good localization properties, then cuba-
ture (4.18) (or (4.19)) has such properties. We shall use them to prove the following
lemma.

Lemma 4.2 Letn = 1,2,..., m = 1,2,..., and let, for v € (0,7], K,(cosvy) :=
comin{m®t m?=/(mv)?} with co > 0 a constant. Then, we have

Qu(Ky(o-m) < e[l + (m/n)"™"] fory € S™, (4.24)
where Q,, is the cubature from (4.19) and ¢ depends only on d and cy.

Proof. In what follows, we shall assume that n > ng, where ng is sufficiently large
and depends only on the dimension d. Estimate (4.24) obviously holds for n < ng
by (4.21). We first construct a tiling of S?~! which is determined by the nodes of
cubature (4.18). We associate with each node wj the spherical box (tile) T} consisting
of all points ¢ € S%=* for which & = £(0, ¢) with

(07 ¢) S [ahvah-l-l) X X [ajd—zvajd—2+1) X [bjd—m bjd—rl-l)v

where a; := 3(8; + 3;_1) and b; := 3(v; +vj-1) with 3; from (4.5) and v; from (4.4).
Observe that w; € Tj is the (spherical) center of 7. Obviously 75N 7; = 0, j # i, and
the tiles Tj cover S™! excluding small regions around the poles. The most important
property of our cubature is that

0< )< c/T Lde =2 e|T3| for j € T,. (4.25)
i

This property follows readily by (4.7), the definition of 4; from (4.4), and the definition
of our cubature (see (4.18)).

The second important property of our tiling is that the diameter of each tile 7}
is < cen~t. We let p(£,7) := arccos ¢ -7, £, € S%71 denote the angular distance on
S9=1 (the angle between vectors ¢ and 7). It is easily seen that p(¢,n) satisfies the
axioms for a distance on S*7. Since 3; — 3;_1 < en™!, by (4.6), and v; —v;_1 < en”L
by the definition of 7;, then

SUP{P(fﬂ?) : 5777 € TJ} < cln_lv (426)
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where ¢; depends only on d.

Suppose that n € S9! is fixed. We select a new coordinate system such that n =
e} :=(1,0,...,0) is its first coordinate vector. This can be done by a suitable rotation
of the old coordinate system. For ¢ € S%1, we shall denote by ¢ := (0},....0'_,)
and ¢’ the new spherical coordinates of £.

We define, for v =1,2,....n,

2, = {5esd—1 T e < %}

— {gesd—l:w<gigﬂ}

n n

and

1) =
Zr = {f € 8it. maX{M, —ﬂ'} <f < min{ﬂ-y—l_cl, 71'}},

n n

where ¢; is from (4.26). Obviously J'_, Z, = S%°L.
Let 7, be the set of all tiles Tj with centers w;j € Z,. It follows by (4.26) that
Urer, T' C Z; and hence

Z|T|§|z:|::/ 1d£§c/ Ld¢ =:c|Z,), v=1,2,....n. (4.27)
TeT, 2 Zv

We are now ready to estimate Q,(K,,(e-n)). If v = 1, then we obtain, using
(4.25), (4.27), and the assumptions of the lemma,

Z K (wy - €]) < emax{K,,(cosf): 0 <0 < x/n} Z |T|

Wjegl Teh

w/n
< em®Z| < cmd_l/o sin®™2 0 do < c(m/n) .

If v > 2, then

> XK (ws - €)) < emax{K,,(cos ) : m(v —1)/n < 0 < 7v/n} > |T]|

WjEZV TeT,

< cK,, (COS M) |1Z7] < K (COS E) 12, < c/ Kn(€-ey)dé,
n Zy

n

where we used that IC,, (cos w) < K,y (cos %), v > 2, which follows by the

definition of K, (cosv) from the assumptions of the lemma. Therefore

S Ay €l) < clm/m)' e [ Kin(g-ef) de. (4.28)
jeTn
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where Z :=J_, Z,. We obtain, using again the definition of K,,(cos~),
/ Kn(6-e)de = |st 2|/ w(cos§1) sin®=2 9/ do
z
< c/ min{m*, m*/(m#))*}1(0))* b, < ¢ < 0.
0

The above estimates and (4.28) imply (4.24). O

We shall deal with discrete sums of spherical polynomial values. For this, we
need a rapidly decaying reproducing kernel for the space of spherical polynomials of
degree m. The following well-known proposition gives us such a kernel.

Proposition 4.1 There exists a constant mg = mo(d) such that for every m > mq
there exists an algebraic polynomial W, of degree dm with the properties:

(a)

S0 = oo, Wnln- 059 dg, mes™,

for each spherical polynomial S of degree < m,

(b)
W (cos 7)| < comin{m®™, m*/(mr)?} for 0<7<n, (4.29)

and hence

()
/Sd—l (Wa(n - €)]d <c<oo, nes, (4.30)

where ¢ and ¢ are independent of m and 7.

Since we do not have a good reference for Proposition 4.1, we shall show how it
can be deduced from the following results of E. Kogbetliantz and E. Stein (see also

[P]):

Proposition 4.2 [K] Let S, (t) :== S0 (v + A)CMt), A >0, m = 0,1,..., and let
0¥ be the Cesaro means of order 6 of Sy, i.e.

o(t) = (A ) ZA S FNONE)  with AL = ik (4.31)

Then, for —1 < 6 <2\ +1,
§+1
|08 (cos )| < cmin{(m + 1) (m 4 1) 5/<sm %) } , 0<~y <, (4.32)

with ¢ depending only on .
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Proposition 4.3 [St] For each positive integer r and for m = 0,1,..., there exist
r+1 parameters ay(m), ..., a,41(m) (depending only on m and r) which are uniformly
bounded: |a,(m)| < A, A independent of m, and there exists a fized integer N, so
that the following holds:

If %0 ya, is a series of real numbers and if o), m =0,1,..., are the Cesaro

means of order r of the partial sums Sy, m = 0,1,..., of this series (see (4.31)), then
(r) (r)

) = ay(m)oy, .y + oa(m)oy, + ...+ Ofr+1(m)0((:zr1)m—1
can be represented in the form
m (r+1)m
TT(;) = Zal,—l— Z Bya, ifm>N,
v=0

v=m+1

where (3, are constants depending on m and r.
Proof of Proposition 4.1. We have already mentioned in (3.15) that

_ N(d,m) (d—2)/2
|Sd_1|07(7§l_2)/2(1) m

Kon(t) : (1)

gives the reproducing kernel K, (¢ - n) for H,,. Therefore, 327" K, (£ - i) is a repro-
ducing kernel for all spherical polynomials of degree < m. Simple calculations show
that

Kn(t) =2 [I8|(d—2)] " (m+ \CA(1) with X := (d - 2)/2.

Therefore, 2 [|Sd_1|(d — 2)]_1 S o+ N)CMt) gives a reproducing kernel for the
spherical polynomials of degree < m.

We now apply Proposition 4.2 with A := (d—2)/2 and 6 :=2A+1 = d—1. Then
we apply Proposition 4.3 to the resulting Cesaro means {¢("} with r := ¢ = d — 1

-1
to conclude that W, := 2 [|Sd_1|(d— 2)] (1) satisfies (4.29) (by (4.32) and since
a,(m) are uniformly bounded) and W,,,(£-n) is a reproducing kernel for the spherical
polynomials of degree < m (by Proposition 4.3). O

Lemma 4.2 and Proposition 4.1 allow us to estimate discrete [,(€,,) norms of

spherical polynomials by their L,(S?!) norms. In this part we use ideas from [O].

Lemma 4.3 Let n = 1,2,..., and let m > mq, where mqg is from Proposition 4.1.
Then for every spherical polynomial S of degree m and for 1 < p < oo we have

S IS < el + (m/n)" Y

d—1
WEQN R S

[S(E)[" d, (4.33)

where A, and Q,, are from (4.19), and ¢ is independent of S, n and m.
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Proof. By Proposition 4.1 we get S(w) = [ga—1 Wi (w-£)S(€) d€, w € Q,,. We obtain,

using Holder’s inequality,
|S(w)] < /S L Wa(w-6)S(6))dé = /S (Wi (- )1 [Win (w0 - €)1/ S ()] d€
1-1/p 1/p
< ([ Wt atde) ([ Wate-UIS@©F i)

and hence
S < A7 [ Wl OIISEF e, where A= fou [Winleo-€)]de

We now multiply both sides of the above inequality by A, and sum over w € 1, to
obtain

> ISP < ar |

S

a (Z Aw|Wm(w-€)|) [S(E)I dE

WwEly wEn
< A max QW) [, 1S(OI" .

It follows, by (4.29), that |W,,(e-&)| < K,.(e- &), where K, is defined in Lemma 4.2
with ¢g from Proposition 4.1. Then Proposition 4.1 and Lemma 4.2 imply

0, Qul(Wa(e - ) € max, Qu(Kon(e-€)) < cll +(m/n)™") and A<

which completes the proof of Lemma 4.3. O
The following lemma relates the Ly(S?!) norms and discrete l5(f2,) norms of
spherical polynomials written in terms of v, U, (¢ - w) /U (1), the reproducing kernel

for the space Hp, & Hin—2 & -+ - & H, (see (3.17)).

Lemma 4.4 Letn =1,2,..., and let ¢(w), w € Q,, be real constants. Let m > my,
where mq is from Proposition 4.1. Then, the spherical polynomial

Vm

S(€) = Awc(w U, (€ w
(€= 3 Aol s tha(€ )
satisfies
ISI1Z,ga-n) < e[l + (m/n) 1] 32 Aule(w) . (4.34)
wERy,
Proof. Using (3.11) we get
1908 sy = [, 1S ag
= AApe(w)e i U (-, (E-1n)d
POl IR RRIBEN (25) ottt m e
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= 33 Al el ) = 3 Are)S(a)

wESy, 776077, 776077,

1/2 1/2
< (Z )‘77|C(77)|2) (Z )‘77|S(77)|2) :

By Lemma 4.3, the last quantity above does not exceed ¢[1 + (m/n)d_l]%HSHL2(Sd—1).
Finally, dividing by ||.S||z,(s¢-1) completes the proof of the lemma. O

5 Smoothness spaces in Ly(B¢)

In this section, we shall recall results about approximation by algebraic polynomials.
As earlier, we let P, denote the space of algebraic polynomials in d-variables. For
n > 1, let

Eu(f) = Eu( )o@ = jnf |[f = Plir,®e

be the error in approximating f € Ly(B?) by algebraic polynomials P of degree < n.
By Theorem 3.1 we have the following representation of the polynomial P,(f,x) of
best Lo(B)-approximation to f:

Z v [ A x - €) de, (5.1)

§d—1

where

A = AL8) = [ T )ly ) dy.

Since A, (6)Un(x-€) is a spherical polynomial of degree < 2m < 2n in &, we can use
the quadrature formula (4.19) to obtain

= Z{; Ao Zi:o Vin A (w0) Uy (X - w). (5.2)

From Theorem 3.1, we have

E)? = M = BaDlay = 22 vmllAn (DI, 01y

m>n

> m A ()]s (5.3)

m>n

X

For a > 0, let Wo(Ly(B?)) be the Sobolev space for the domain BY. When
a = k is an integer, then a function f € Ly(B?) is in W¥(Ly(B?)) if and only if its
distributional derivatives D” f of order k are in Lo(B?), and

|fhvk1g Bd)) -= 2: Hl)nyLQBd

v|=Fk
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ives the semi-norm for W*(L,(B?)). The norm for W#(L,(B%)) is obtained by addin
g g
1Nl 2,82y to | flwr(n,Bay)- For other values of a, we obtain W< as the interpolation
space

W(Ly(BY) = (Lo(BY), WH(La(B)))g2, 0=a/k, 0 <a <k,

given by the real method of interpolation (see, e.g., Bennett and Sharpley [BS]).
A fundamental result in approximation known as the Jackson theorem states
that

En(f) < (k)| fllwe By, (5.4)

where the norm on the right can be replaced by the semi-norm if £ is an integer.
This theorem can be deduced easily from the results on univariate approximation in
Chapter 7 of [DL]. By interpolation (see, e.g., [DL, Chapter 7]), one obtains

Y E ()] < C(Q)Hf"%/Va(LQ(Bd))v a >0, (5.5)

n=1

with ¢(a) depending at most on a. From (5.3) and (5.5), it is easy to deduce that

Z n2a+d_1HAn(f)H%2(Sd—1) < C(O‘)HfH%/Va(LQ(Bd))v a >0, (5.6)
n=1

with ¢(a) depending at most on «a.

6 Approximation of functions in L.(I, w)

We shall also need certain results about the approximation of univariate functions
in Ly(I,w) where I := [—-1,1] and w := wy,. As we know by §2, the Gegenbauer
polynomials {U,;, }>>_, form a complete orthonormal system for Ly(1,w) (see (3.3)).
For any g € Ly(I,w) we have

9= 3 dmii, with g(m) = /Ig(s)um(s)w(s)ds. (6.1)

m=0

We shall use approximation of functions in Ls(/,w) as an intermediate tool
in establishing our results on ridge approximation. Let P,(I) denote the space of
univariate algebraic polynomials of degree < n. For a function g € Ly(1,w), we let

Eo(9) 0, (1w) i= peiglnf(l) g = Pl 1)

be the error in approximating g by the elements of P,(I). The polynomial

poi= Y dlm)ld, (6.2)



is the best Ly(1,w) approximation to ¢ by elements of P,(I), and we have

En(g)%g(l,w) =g _an%Q(I,w) = > lg(m)P. (6.3)

m>n

We introduce the univariate Sobolev spaces W (Ly(1,w)), o € R, whose norms

are defined by

o0

HQHWOKLQI@U : Z m + 1)

m=0

It follows that for each ¢ € W*(Ly([,w)),

(m)]]*. (6.4)

Eo(9) a0 < cla)n™|gllwar, (1,0))- (6.5)

Moreover, similar to (5.5), we have

o0

S0 Eal @i < @)y, @ > 0. (6.6)

n=1

There is also a Bernstein type inequality for polynomials in P, (1) with respect
to Lo([I, w) which follows trivially from the definition: for every p € P,([) and o > 0,

IPllwe Loty < (2 4+ DIy (200)- (6.7)

It is well known (see [DL, Chapter 7]) that companion inequalities like (6.5) and
(6.7) imply a characterization of approximation spaces by interpolation spaces. In
our context, the approximation spaces are the Sobolev spaces W*(Ly(1,w)) defined
by (6.4) and we therefore obtain for each 0 < a < k,

WQ(LQ(]vw)) = (LQ(]vw)vwk(LQ(]vw))eﬂv = Oé/k (68)
Further properties of the spaces W (Ly(I,w)) are given in §7.

7 Approximation by ridge functions

In this section, we assume that X, is a subspace of Ly(1,w), w = wgyys, of dimension
n with the following property. There is a real number s > 0 such that, for each
univariate function ¢ € W?#(Ls(I,w)), there is a function r € X,, which provides the
Jackson estimate
lg = rllLoray < con™lgllwe(zo(rm)), (7.1)
with ¢g a constant independent of ¢ and n.
We define Y,, to be the space of functions R in d variables of the form

Rx)= > ro(x-w), r,€X,, weq, (7.2)

WEQN R

where €2, is the set of vectors in S9! from (4.19). Then, Y, is a linear space of
dimension < n#Q, < cn?. We prove the following theorem about approximation

from Y.
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Theorem 7.1 Let X,,, n=1,2,..., satisfy inequality (7.1) for some s > 0. If f is a
function from the space WS-I—d%l(LQ(Bd))} then there is a function R in'Y, such that

-1
1f = Bllo,@ay < en™ " = || fllwercnrr,Bay (7.3)

with ¢ a constant depending only on s and d.

Remark 7.1 Ifs+(d—1)/2—1 is an integer and the space Y, contains Pop(i—1)/2-1,
then || fllws+-1r2(r,Bayy can be replaced by the semi-norm | flyrs+a-1/2(1,(Bay) -

An important element of the proof of Theorem 7.1 is the idea to get rid of
the "low frequencies” when approximating. To this end we shall use the following
geometric construction which was proven for us by Boris Kashin.

Lemma 7.1 Let H be a Hilbert space with norm || - || and let A, B C H be finite
dimensional linear subspaces of H with dim A < dim B. [f there exists 6, 0 < 6 < 1/2,
such that

sup inf |z —y|| <6, (7.4)
reA yeEB
|| <1

then there is a constant ¢ depending only on 6 and a linear operator L : A — B such
that for every x € A
Il -zl <c it o=yl (7.5)
yeB

and
L —axl A (Lx—x is orthogonal to A).

Proof. See [DOP], Lemma 6. O
Proof of Theorem 7.1. Estimate (7.3) trivially holds if n < mg, where my = mo(d)
is the constant from Proposition 4.1.

Suppose that n > mg. Let P = P, be the polynomial in P, given by (5.1) (or
(5.2)). Since P is the best Ly(B?) approximation to f, it satisfies (see (5.4))

1f = Pllz,@ay < en™ 02| Fllipercamner,mey) (7.6)

with ¢ and all subsequent constants in this proof depending only on s and d. We
shall approximate P by an element R of Yy, N = kon, where &y is a sufficiently large
constant depending only on s and d.

We have A, (P,¢) = A,(f,€), m < n, and A, (P,{) = 0, m > n. Since
f € WetHd=D/2([,(B%)), we know from (5.6) that

n

> (m 4+ DPPENAL DT, sy < el F Iy esianire i, @ay- (7.7)

m=0
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From this, using (4.23), we obtain

n

D (m A+ )P ST AN A (f )P < el flfprsaniegymay (T8)

m=0 wESy,

We introduce the univariate polynomials

n n

pu(t) = Z Vi A (fyw)Unm () = Z Vi A (Pyw)Un (1),  w € Q,. (7.9)

m=0 m=0

We have, by (4.22) and (7.9),

P(x) = Zn: Upy Ao A (P, (x - w) = Z AwPo(X - w). (7.10)

m=0 wESy, wEQR

According to (6.4), we have

n

N2 pullfre oy = 20 (m+ D) v2 A An(f, @)

m=0
n

ST (m A 1) AL (f, W)

m=0

X

Hence, from (7.8),

S AN Pullive oy S 2o (m A DFFEDNT A (A (f,w)?
m=0

wEQR wEQR
< CHfH%/VSHd—l)/?(L2(Bd))' (7.11)

We shall approximate each polynomial p, by elements of Xy. We apply Lemma 7.1
in the following setting. We take for H the Hilbert space Ly(I,w) and take A = P, (1)
and B = Xy with N > kgn and ko a positive integer. We next show that if kg is
large enough then the assumption (7.4) is satisfied. We mentioned earlier in (6.7)
that P, ([) satisfies the Bernstein inequality

IPllwe@orwy < (0 + 17 |PllLyrwy, P € Pall).

If p € P,(I) then, from this Bernstein inequality and from (7.1), there is an r € Xy
such that

1P = rllLarwy < N2 |pllws(ra(rw) < coN7°2°0°||pllL, (1) < €02°kg [Pl L (1,0)-

Thus, if ko is large enough, condition (7.4) is satisfied. Therefore, for each w € Q,,

we can find r, € Xy such that r, — p, L P,(I) with respect to the inner product in
Lo(I,w) and, by (7.1) and (7.5),

1P = Tl Loz < €™ Npollive(ro(rw)-
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Therefore

Te — Puw = Z Fo(m)Un, (7.12)
m=n-+1
with
Fu(m) = / ro(8)Um(s)w(s)ds
I

and .

Z fw(m)|2 = ||pw — TwHi(I,@ < C”_ZsprH%vs(h(Lw))- (7.13)

m=n-+1

We define

= > Aru(x-w)

WEQN R
which is an element of Y. Then we have, by (7.10) and (7.12),

R(x)— P(x)= > i AwTo(m)Un, Z > Aufu(m)Un (w - x).

wER, m=n+1 m=n+1 wEly

We write

Z)\rw Wi (X - w).

WEQN R
We have by Theorem 3.1 (see also (3.19) - (3.21))

R(X) = v [ AR U (€ - ) dE.

where

An(Bns®) = [ Ra0Unly - O dy = 32 Aoualm) [ Unlor- ¥ ) (€ -3) dy

WEQN R

_ o Un(Ew)
= w%ﬂ)\wrw(m)ium(l) )

We now use Theorem 3.1 and Lemma 4.4 to obtain

1Roll2,Bay = VMHAM(Rmvw)H%Q(Sd y=v 2 Auiu(m U (& )| Lys01)
ol U 1)
< cv M (m/n)"" m)|? <en” ST A | (m) [,
wEy wEy

where we used that v,, < m?! (see (3.8)). From this, (7.11), and (7.13), we find,
using the Parseval identity (3.9),

o0

IR=Pll,y = > [Rali, By <en™™

m=n+1 m=n+1 wEQ,
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o0

= ep”iH Z Aw Z

WEQN R m=n+1

< en T N 2ol ()
WwEly

< en BT FIR ez o By

Fu(m)[*

Thus there is a function R € Yy, N = kgn, such that (7.3) holds. Theorem 7.1 is

now proved. O

Remark 7.2 Asin [DOP], it is possible to prove Theorem 7.1 without using Lemma7.1.
In place of this lemma one uses a slightly stronger assumption than estimate (7.1).
The corresponding proof would be more constructive than the present one. We do not
provide the details of this approach but instead refer the reader to [DOP].

8 Elimination of the weight w

The result of §7 (Theorem 7.1) gives sufficient conditions on a sequence of univari-
ate spaces X, n = 1,2,..., in order that the spaces Y, defined by (7.2) with Q,
from (4.19) provide approximation rates for functions in Sobolev spaces W (Ly(B?))
comparable to polynomials and splines. However, the assumption (7.1) imposed on
X, is inconvenient for direct application because of the appearance of the weight
w(t) :=wq(t) = (1 — 12)(4=1/2 We shall show in this section how the weight factor
w can be avoided so that the result of §7 applies more directly. We shall consider ap-
proximation on the ball B;l/2 = {x € R?: x| < 1/2} rather than B?. Approximation
on B? or other balls follows by a change of variables.

We begin by assuming that we have in hand n-dimensional linear spaces 7, of
univariate functions defined on J := [—1/2,1/2] which satisfy a Jackson type estimate
similar to (7.1) but with weight = 1. Let W™ (Ly(.J)), m = 1,2,..., be the Sobolev
space of functions ¢ € Ly(J) such that ¢ is in Ly(.J). The semi-norm and norm for

W™ (Ly(J)) are defined by
gl oy = 9" ey 5 gllwn@awy = 19" o) + lgllza(-
For 0 < s < m not an integer, we define W?#(Ly(.J)) by interpolation:

Wo(Lo(J)) = (La(J), W™(Lo(J))g2 0 :=s/m, (8.1)

with the norm the interpolation space norm. For a given value of s, different values
of m > s give equivalent norms (see [DL]).

Our assumption on Z, is that for a certain fixed value of s, we have that for
each g € W?*(Ly(J)), there is a function (,, € 7, such that

19 = Callra(ry < els)n™||gllws (o) (8.2)
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with the constant ¢(s) depending only on s.
Let X, be the space of univariate functions r such that for some p € P, (1) and
some ( € Z,

- {H0 e

We shall show that under the assumption (8.2) on the Z,, the spaces X,,, n =
1,2,..., satisfy the assumption (7.1). To prove this, we recall the definition (6.4) of
the spaces W?(Ly(1,w)) and the operator A of (2.12):

d

Ag = (a) ], (5.4

According to (2.15), we have AU, = (—1)*"1p2U,. Since p, < n?=1 (see (2.16)), it
follows that for each g € W™ (Ly(1,w)), A =2(d — 1), m = 1,2,..., we have
lg1lwma (Lo (1,0 =< TAP" 9| L, (1,0) (8.5)

with the constants of equivalency depending only on d.

Lemma 8.1 For each m = kX, with A := 2(d — 1) and k a nonnegative integer, we
have

lgllwrm o) < eldsm)liglwm iz for g € W (La(1,w)) (8.6)
with the constant c(d,m) depending only on d and m.

Proof. We first observe that the weight w is strictly positive on J and, therefore,
w™! is infinitely times differentiable on J. Then the following identity holds

£(d—1)—1 4
g(ﬁ(d—l)) = Z ujg(]) + uﬁ(d—l)Aggv = 17 27 SRR (87)

i=0

where u; are obtained from w™' and its derivatives. Indeed, (8.7) can be proved by
induction on . For ¢ =1, (8.7) follows from Leibniz’ formula for differentiating the
product ¢ = w™!(wg). Suppose that (8.7) holds for some ¢ > 1. Then one writes A’g

as w1 (w/\fg) and differentiates both sides of (8.7) d — 1 times to prove it for ¢ + 1.
It follows from (8.7), with ¢ = 2k and m = kA, that

m—1
19" Moy < € 30 19N o) + cll A gl 1) (8.8)
=0

We shall use next the following well-known inequality (see e.g. [BS])
l9lany < € (87 Mglzaay + 6" Mg ) . =120 im, (89)
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where 6 > 0 is arbitrary and ¢ depends only on m. Combining (8.8) with (8.9) we
get, for 0 < 6 < 1,

19" N oy < €6 gl oy + 619 N oy + NIA G| 2o, (8.10)

where ¢* > 1 is independent of 6. We now select 6 such that ¢*6 = 1/2 and bring the
second term on the right in (8.10) to the left-hand-side. We obtain

(|l 2,y + HAkQHéLQ(J))
c([lwgllz,my + lvA gl zon)
cllgllwm (L (1.0))-

19" 2, ()

VANIVANRVAN

a

Theorem 8.1 [f the sequence of spaces Z,, n = 1,2,..., satisfies (8.2), then the
spaces X, n =1,2,..., defined by (8.3) satisfy the Jackson estimates (7.1), i.e. for
each univariate function g € W*(Ly(I,w)), there is a function r € X, which provides
the Jackson estimate

g — 7l Lo(rw) < en™?||gllwe(La(1.w))s (8.11)

with ¢ a constant independent of g and n.

Proof. Consider the linear operator 7' that associates with every function ¢ €
Lo(I,w) the restriction of g on J. Since w is strictly positive on J, T is a bounded
operator from Ly([,w) into Lz(J). By Lemma 8.1, T' is bounded from W™ (Ly(1, w))
into W™ (Ls(J)) for each m = 2k(d — 1), k = 1,2,.... This implies that, for each
0 <s<2k(d—1)and 0 := s/(2k(d — 1)), we have by interpolation (see (6.8) and
(8.1)) that for each g € W?*(Ls([,w)),

lgllweaemy = M9l waras m,)

0,2

IA

NI (Lt w20y, = N9llws o).
Now, given g € W*(Ly(I,w)), we let ( € Z, satisfy (8.2). Then, from (8.6),

19— Cllroy < en™?llgllwe oy < en™|gllws(ry (1))

Similarly, let p be the best approximation in Ly(/,w) to g from P,(I) . Then, from
(6.5),
lg = PllLoany < 07 llgllwe (Lar))-

It follows that the function r € X, defined by (8.3) for these ( and p satisfies (8.11).0
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Theorem 8.2 [f the sequence of spaces Z,,,n = 1,2,..., satisfy (8.2), then for any
function f € WS"'(d_l)/z(Lg(B;l/z)), there are functions r, € 7, such that

Rx) =Y ry(w-x) (8.12)

WEQN R

satisfies
1f = Rllp,®a ) < cn_s_(d_l)/zHfHWS+(d—1)/2(L2(Bf/2)) (8.13)

1/2

with ¢ independent of f and n.

Proof. We first recall (see e.g. [A, Chapter IV]) that f can be extended to a function
fo defined on all of R? such that f; vanishes outside of B§/4 and

[ follwstanre @,y < cllflwstanrw,m@e )

1/2

with a constant ¢ depending only on s and d.
We define X, as in (8.3). From Theorem 8.1, we obtain that condition (7.1) is
satisfied. Therefore, from Theorem 7.1 there are functions r, € X,,, w € §,,, such

that the function
R(x) = Z ry(w - x)

WEQN R
satisfies
[ fo— RllL,Bay < Cn_T_(d_l)/zHfoner—l)/?(Lz(Bd))
< Cn_T_(d_l)/zHf”WT+(d_1)/2(L2(Bf/2))' (814)

On the ball Bil/z, fo = fand r, is in Z, for each w € Q,,. Therefore, (8.13) follows
from (8.14). O

9 Examples and further remarks

In this section, we shall give some applications of the results of §8. Theorem 8.2
implies that for any sequence of spaces Z,, n = 1,2,..., contained in Ly(J), J =
[—1/2,1/2], that satisfy (8.2) we have the estimate (8.13) for f € W+ d=D/2(L,(])).
The condition (8.2) is satisfied by all the standard spaces of approximation such
as algebraic polynomials and spline functions (discussed in more detail later in this
section). We wish to single out, for further elaboration, one particular example which
appears frequently in wavelet theory, as well as computer aided design.

Let ¢ be a univariate function with compact support on R. Let ¢ be the smallest
integer such that ¢ or one of its shifts ¢(x — k), k € Z, is supported on [0,(]. If
necessary, we can redefine ¢ to be one of its integer shifts and thereby require that
¢ is supported on [0,(]. We denote by S := S(¢) the shift-invariant space which is
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the Ly(R)-closure of finite linear combinations of the shifts ¢(- — j), j € Z, of ¢. By
dilation, we obtain the univariate spaces

Sk.={5(2"):5¢8}, kel

The approximation properties of the family of spaces S* is well understood. In
[BDR], there is a complete characterization (in terms of the Fourier transform of ¢)
of when the spaces S* provide the Jackson estimates

diSt(g,Sk)L2(R) < CQ_kSHgst(L2(R)). (91)
For an integer s, we say that ¢ satisfies the Strang-Fix conditions of order s if
$(0)#£0, and DIp(2kx) =0, ke Z, k#0, j=0,1,...,5— 1. (9.2)

If ¢ satisfies (9.2) and ¢ is piecewise continuous and of bounded variation then S*
provides the approximation estimate (9.1) (see e.g. [DL, Chapter 13]).

We denote by S*(J), k > 1, the restrictions of the spaces S* to the interval
J :=[-=1/2,1/2]. The functions ¢(2% — j), j = —( + 1 —2F=1 .. 21 1 gpan
S*(J). Each function g in W*(Ly(J)) can be extended to R with

gl oy < cllgllwe (o)

It follows therefore that the spaces S¥(J) provide the approximation property (8.2)
and hence Theorem 8.2 applies with n = 2¥. The functions R appearing in Theo-
rem 8.2 are of the form

2k_q

R(x) = > Y ¢ (2% - w — 7).

J=—l41-2k—1 we,

There is another representation of the functions in S*(.J) related to sigmoidal
functions. Let

i_oj L ). (9.3)

Then the functions o(2¥ — 7), j = —(+1 =281 ... 281 — 1 also span S*(J). The
function o is 0 for ¢ sufficiently large negative and 1 for ¢ sufficiently large positive.
However, it is not necessarily monotone (without additional assumptions on ¢).

Corollary 9.1 Let ¢ satisfy the Strang-Fixz conditions (9.2) of order s. Then for
each function f € Wst=D/2([, (Bf/z)), there is a function

2k—1_1

Rx)= > ) djwe@x-w—j)

J=— L1428 we g

such that
Hf RHL2 Bd S 02 (S+(d 1 /2 HfHW s+(d— 1)/2(L2(Bd )), k — 1,2, ey

1/2

with ¢ independent of f and k.
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For certain choices of ¢ above, we obtain that o of (9.3) is a sigmoidal function
in the terminology of neural networks. We recall that a sigmoidal function is a
nonnegative, monotone, univariate function which has limits =0 as t — —oco and = 1
as t — oo. To obtain examples of such sigmoidal functions, we can take ¢ to be a
B-spline. Let ¢ := Ny, where for each j € Z and s = 1,2,..., N, := s~ M, is the
B-spline of order s (see [DL, Chapter 5]) with breakpoints -, ..., 22, The function

217 2n "

ot)i= S Nu(t), {eR

J=—s+1

of (9.3) is a sigmoidal function, and, in the case s = 1, it is the unit impulse function

X{0.00)" The functions o,(t — ;—n), J=-—-n,...,n+s—1, form a basis for S, ; the

space of all splines of degree s — 1 defined on J with breakpoints belonging to the set
%:1, %:2, cees %} From Theorem 8.2, we obtain the following.

Corollary 9.2 For any f € WHI=D/2(Ly(B] ), there are constants c(k,w), w €

Qo k=—n,...,n+s—1, such that

Rx)= Y ni_l c(k,w)o, (X-w . 2&) (9.4)

WEQRn k=—n n

satisfies
1f = Bll,@e ) < Cn_s_(d_l)/zHf”WS+(d—1)/2(L2(Bf/2))

1/2

with ¢ independent of f and n.

The functions R in (9.4) correspond to the outputs of a feed-forward neural
network with O(n?~!) nodes of computation. Thus, the corollary shows that such
neural networks have computational efficiency comparable to standard methods of
approximation like splines and wavelets.

The special case s = 1 in Corollary 9.2 is also noteworthy. In this case the
function o is the unit-impulse function and the functions R are piecewise constant.
The order of approximation provided by Corollary 9.2 is somewhat surprising. One
might expect that such piecewise constants could only provide approximation order
1 while the corollary gives approximation order (d + 1)/2.

10 Appendix

A1l. Proof of (3.4). Since P, is invariant under rotations, it is sufficient to prove

that (P(x),U,(x1)) = 0 for each P € P,_; or that

(XU (1)) = /B X, (21)dx =0 when |m|<n —1.
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Write
B,, = {x' = (z9,...,7q) 22+ ...+ 25 <1 — 2%}
We have
x?ah dX/) Up (1) day.
Because of the symmetry it is obvious that the inner integral above is equal to zero

if at least one of my, ..., my is odd. Consider the case when all my, ..., my are even.
We now change the rectangular coordinates in the inner integral to spherical and find

(1-af)t/? 1
/ x;}’bg o lend dX/ — C/ rmg—l—...—l—md—l—d—Q dr = C(l _ x%)5(mg—I—...—I—md—l—d—l)7
B, 0

where ¢ depends on d,mg,...,my. Therefore
O, Calan)) = ¢ [ (1= ) B0 ()1 — ) 5 iy =

since the univariate polynomial ¢, is orthogonal to P,_1(I) in Ly(I,w) (see (3.3) and
(2.1)). O

A2. Proof of (3.10). We first show that for each g € Ly(1,w(-1)/2)
R(g(n-x);&,1) = |Bd_2|(1—t2)d2;1/g(cosecos v+u sim@sim;b)(l—uZ)dfz;2 du, (10.1)
I

where t =: cos0,t € I, € [0, 7] is the angle between ¢ and 7 (cosv» = £-77), | B2 is
the volume of the unit ball B2 in R%"2, |B472| = (d_gfj/%, and R is the Radon
transform defined in (3.23). Indeed, it is easily seen that

R(g(n -x);&,1) = | B~ 2|/ g(tcostp 4+ vsiney)(1 —t2—v2)d2;2 dv.

Substituting v = (1 — #2)"/?u in the above integral we get (10.1).
Our second step is to prove that

20-172(d/2)n!

Foray (L) GREOCRE . (102)

R(CHP(n - x);:€,1) = [B7

Indeed, the classical addition theorem for Legendre (Gegenbauer) polynomials can be
written as follows (see [E], p. 178):

C(cos 0 cos 1 4 sin 0sin ¢ cos )

mZi:O 272X +2m — 1)(n — m)! B [E)\]?;Z]jm+1

X (sin )™ O (cos 0)(sin )™ C2 T (cos ) O™ l/z(cosc,o)
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and hence, for A = d/2, and u := cos ¢, u € I, we have

C'%%(cos O cos b 4 u sin 0 sin ¢))

o [(d/2).]?
mZ::OZ (d—I—Zm—l)(n—m)!(d_ -
X (sin Q)mcs/_ﬁ_m(cos 6)(sin ;/))mCd/Hm( cos ;b)CT(j_l)/z(u).

We now insert this into (10.1) and use the fact that C4=Y/%(v), m = 1,2,..., are
orthogonal to the constants in Ly(1,w(4—1)/2) to obtain

R(CH?(n - x);6,1)

= |B*(1 —t2)(d_1)/27((dd _1)) Cd/z( OS@)Cd/Q(COS ¢)/( u2)(d_2)/2 du.
- n+1

This implies (10.2).
We finally use (10.2) to obtain
BWWW@WWGMﬂz/R@WWXMﬁQWﬁﬁ
a I
247112 (d/2)n!
[(n +d)
= ’Vn,dcg/z(n -£),

= |B*? C (- ) [ICHP @R — ) ay

where

2d 1F2( ) h
( _I_d) n,d/2:

Simple calculations show that this is (3.10). See [RK]. O

=B

A3. Proof of (3.16). The following relation between contiguous Gegenbauer poly-
nomials holds (see [E], p.178, (36)):

4+ N =01y —Cly], A>1.

Also, Cg(t) = 1 and C}(t) = 2Xt. These identities readily imply

OF

241

o=y =2 +&» o (10.3)
j=0 -

Simple calculations show that (10.3) with A =d/2 (d > 2) is (3.16). O

A4. Proof of (3.11). Identity (3.11) follows from the fact that ¢,(£ - x) (as a
function of £) is a spherical polynomial in H, & H,—2 & - - - B H, and v,U, (£-7)/Un(1)
is the reproducing kernel for this space (see (3.17)). O
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